We obtain novel closed form solutions to the Friedmann equation for cosmological models containing a component whose equation of state is that of radiation (w = 1/3) at early times and that of cold pressureless matter (w = 0) at late times. The equation of state smoothly transitions from the early to late-time behavior and exactly describes the evolution of a species with a Dirac Delta function distribution in momentum magnitudes | ì p 0 | (i.e. all particles have the same | ì p 0 |). Such a component, here termed "hot matter", is an approximate model for both neutrinos and warm dark matter. We consider it alone and in combination with cold matter and with radiation, also obtaining closed-form solutions for the growth of super-horizon perturbations in each case. The idealized model recovers t(a) to better than 1.5% accuracy for all a relative to a Fermi-Dirac distribution (as describes neutrinos). We conclude by adding the second moment of the distribution to our exact solution and then generalizing to include all moments of an arbitrary momentum distribution in a closed form solution.
INTRODUCTION
The effects of massive neutrinos on structure formation have been of considerable recent interest in cosmology (Lesgourgues & Pastor 2006 for a review of the theory). We are now likely on the cusp of experiments that will determine the mass of the heaviest one or two neutrinos and also whether the mass hierarchy is normal or inverted (see Abazajian et al. 2015 for a review). Massive neutrinos have an unusual cosmological behavior: unlike any other components, we know with certainty that they have a time-varying equation of state, which behaves like that of radiation at high redshift but like that of matter nearer the present. As a consequence neutrino perturbations do not grow until late times, when the neutrinos behave like matter, and this suppresses the overall amplitude of matter perturbations observed at present on scales smaller than roughly the neutrino horizon at this transition point. Bond et al. (1980) solve for the growth on scales much smaller than the free-streaming scale, and , Eisenstein & Hu (1999) obtained fitting formulae anchored by this small-scale solution and the large-scale behavior, which is simply the linear growth rate. The suppression in the matter power spectrum (e.g. , Takada et al. 2006 , Bird et al. 2012 and bispectrum (Levi & Vlah 2016) will be used to probe the neutrino masses with upcoming large-scale redshift surveys such as DESI (Levi et al. 2013) and Euclid (Laureijs et al. 2011) . The neutrino mass also impacts both the linear growth rate of perturbations and creates scale-dependent bias, effects which given multiple tracers and a high enough number density can enable measurements below cosmic variance (LoVerde 2016). The CMB lensing power spectrum and bispectrum can also be used to constrain the neutrino masses (Namikawa et al. 2010 , Wu et al. 2014 , Abazajian et al. 2015 , Allison et al. 2015 , Namikawa 2016 .
A second, more speculative case where a time varying equation of state transitioning from radiation-like to matterlike is relevant is warm dark matter (WDM), a modification to the standard cold dark matter (CDM) paradigm that has the DM behave as a relativistic species at very high redshift (for a review of DM candidates including WDM, see Feng 2010 ). For any massive particle, this behavior generically occurs when the Universe is hot enough that the particle's kinetic energy is of the order of its rest mass energy, so even standard CDM would have had this behavior at sufficiently early times. However for a WIMP with mass ∼ 100 GeV, this would occur at z ∼ 3 × 10 14 , well before weak interactions went out of equilibrium meaning that any signature of a relativistic-non-relativistic transition would be washed out.
Further, at these very high redshifts, after the transition the DM quickly becomes negligible compared to the radiation. WDM models thus generally focus on much lighter particles whose transition from relativistic to non-relativistic would occur late enough to have observable effects. We point out that if the WDM is produced in a resonant process in the early universe such that all particles share the same momentum magnitude, then the Delta-function distribution function toy model studied in the bulk of this paper is exact. We also note that the current work applies to models where the dark matter interacts with a bath of dark radiation that supplies pressure, such as recently discussed in Buckley et al. (2014) , Foot & Vagnozzi (2015) , and Cyr-Racine et al. (2016) .
In this work, we analyze a toy model that can describe both of these cases. We consider a massive species whose distribution of momentum magnitudes is a Dirac Delta function centered on some momentum of present-day magnitude p 0 , and derive the exact equation of state that this component satisfies as a function of time. At early times, this component behaves like a massless particle, with equation of state w = 1/3, while at late times the component behaves like cold, pressureless matter, with w = 0. The transition point occurs when the Universe's temperature is of order the particle's mass. We then integrate this equation of state to obtain the evolution of the density in this component. This form for the density can then be inserted into the Friedmann equation for evolution of the scale factor, and the Friedmann equation solved by quadrature. Finally, we show how to generalize our toy model to include higher moments of the distribution function, first showing how to add the second moment for e.g. a Fermi-Dirac distribution, as applies to neutrinos, and then showing how to add an arbitrary number of moments as long as an expansion of the distribution function in terms of its moments converges.
To remind the reader that our solution is not specific to neutrinos or warm dark matter, we simply call this component "hot matter." However we do focus on cases motivated by these two models: we solve matter plus hot matter, the relevant case for neutrinos, and radiation plus hot matter, relevant for warm dark matter. For the former, one might ideally solve matter plus hot matter plus radiation, as the radiation energy density is still dynamically important when the neutrinos become non-relativistic, even though matter is dominant. However we were unable to find closed form solutions in this case.
Much work has been done on theoretical modeling and observational constraints for both the neutrino mass and warm dark matter models. Recent cosmological constraints on the sum of the neutrino masses are around 15-20 meV (Cuesta et al. 2016 , Giusarma et al. 2016 , Huang et al. 2016 , Vagnozzi et al. 2017 , and combining cosmological and laboratory probes slightly tightens this bound ). There are a variety of methods of constraining warm dark matter models; the current mass lower bound is ∼ 3.3 keV from the Lyman-α forest (Viel et al. 2013) .
We now briefly detail previous work on closed-form solutions of the Friedmann equations. Single-component models (radiation, matter, curvature, cosmological constant) have well-known solutions both for the background and the growth of perturbations (see e.g. Peebles 1980 , Padmanabhan 1993 , Ryden 2008 . Several two-component models also have solutions, such as cosmological constant plus matter (Weinberg 2008) and radiation plus matter (Ryden 2008) . Edwards (1972) solves the Friedmann equation containing matter, curvature, and a cosmological constant, while Edwards (1973) does so for a model with radiation, matter, curvature, and a cosmological constant. Chen et al. (2014) treats multi-component models with a cosmological constant and in arbitrary spatial dimension using Chebyshev's theorem to analyze the integrability; this theorem describes whether integrals that typically appear in the solutions can be carried out in closed form. Chen et al. (2015a) applies Chebyshev's theorem to singlecomponent models with non-linear equations of state. Chen et al. (2015b) uses roulettes-curves generated by tracing the path of a fixed point on a closed shape as it is rolled along a line (e.g. a circle gives rise to the cycloid)-to further explore analytic solutions of the Friedmann equation beyond the regime probed by Chebyshev's theorem.
The growth of perturbations has also been solved for some two-component models (matter and radiation : Groth & Peebles 1975 , Kodama & Sasaki 1984 . Edwards & Heath (1976) solves for the growth of perturbations in models with matter, curvature, and cosmological constant, while Heath (1977) considers whether these perturbations become bound. Demianski et al. (2005) analytically treats the growth of perturbations in models with all combinations of the standard cosmological parameters (cosmological constant, curvature, matter, and radiation), providing a useful set of references to previous work solving cases as well as adding new analysis. In some cases there is no closed-form solution available but only series around singular points. In particular, the most general model has a growth equation of Fuchs-type, with six singular points, and solutions can be written in series around these points. The growth of matter perturbations seeded by "causal" sources such as topological defects from symmetry-breaking in the early Universe has also been investigated using a Green's function formalism (Proty Wu 2000) .
There has also been considerable work on related integrals to those giving quadrature solutions of the Friedmann equation. In particular, many exact solutions exist for the distance-redshift relation for cosmologies with multiple components or non-standard equations of state. These are succinctly reviewed in Eisenstein (1997) and Baes et al. (2017) .
An additional application of the current work is where the standard dark matter is taken to have a small non-zero pressure due to the generation of peculiar velocities by the growth of structure. This scenario, known as "backreaction", has been invoked to explain accelerated expansion in lieu of dark energy, though it seems insufficient to do so (e.g. Seljak & Hui 1996 , Mukhanov et al. 1997 , Kaiser 2017 . However if one wished to account for the small DM pressure due to "backreaction," the formalism of this paper enables so doing. Dark matter thermal velocity dispersions do have a small effect on the growth of structure, and the impact on CMB lensing and the matter power spectrum has been studied in e.g. Piattella et al. (2016) .
We highlight that the primary advance of the current work is to capture the evolution of a component with equation of state that follows a smooth, physical trajectory in time from hot to cold, as well as to outline a method for incorporating the effects on the cosmological expansion rate of an arbitrary distribution function for the species. We solve a number of cases: hot matter only ( §3), hot matter plus radiation ( §5), and hot matter plus matter ( §7). We also analyze the growth of super-horizon perturbations (i.e. where only gravity affects the evolution and pressure perturbations are negligible) in each of these models, using a technique developed in Slepian & Eisenstein (2016) ; this discussion is in respectively §4, §6, and §8. Finally, in §9 we generalize our treatment to any momentum distribution that can be expanded in terms of its moments.
EVOLUTION OF THE HOT MATTER DENSITY
In the framework of General Relativity (GR), the Universe's cosmological expansion is related to its contents' energy densities by the Friedmann equation. The time-evolution of these energy densities is in turn determined by their equation of state, the ratio of pressure P to energy density ρ. The relationship between time-evolution and equation of state occurs because for adiabatic expansion, the pdV work done must be balanced by a reduction in energy: the equation of state determines the price paid in pressure for a given change in energy. Consequently, to determine the Universe's evolution, two different equations must be solved: one for the background density's evolution as a function of scale factor, and a second for the scale factor as a function of time.
In this section we solve for the evolution of the hot matter density as a function of scale factor, and use this result in the rest of the paper to then solve different cases for the evolution of the scale factor as a function of time.
Assuming the distribution of hot matter momenta is a Dirac delta function centered at | ì p| = p, the hot matter pressure is
where n is the number density of hot matter particles, m is their mass, and c is the speed of light. The hot matter energy density is
The equation of state is then
If the hot matter momenta have a Dirac delta function distribution at one time and are modified only by the Universe's expansion, then the hot momenta will have a Delta function distribution at future times centred at | ì p| = p 0 /a, where p 0 is the centre of the momentum distribution at a = 1 and a is the scale factor. Thus, the hot matter equation of state becomes
where f 0 ≡ p 0 c/(mc 2 ) is the ratio of kinetic to rest mass energy at present, when we have set a = 1. We note that the species' transition from relativistic to non-relativistic occurs when a = f 0 .
Integrating the continuity equation shows that
with
The required integral may be evaluated using the partial fractions decomposition
or the trigonometric substitution f −2 0 a 2 = tan 2 θ. We find
leading to
FRIEDMANN EQUATION FOR HOT-MATTER-ONLY COSMOLOGY
The Friedmann equation for this cosmology is
where H is the Hubble parameter, defined by the first equality, and H 0 is its value at present, when a = 1. Ω X0 is the hot matter density at present, and g(a) is defined in equation (10). Taking the square root of both sides, rearranging, and integrating yields t(a):
The required integral is
As f 0 → 0, we should have a matter-only cosmology; by inspection one can see that we recover
As f 0 → ∞, we should have a radiation-only cosmology. Note that we can make f 0 arbitrarily larger than any given scale factor a, and hence we can define = a/ f 0 1. Taylor-
(1 + (3/4) 2 ) and inserting this result into equation (13) yields
Further noting that f 2 0 1 in the first factor, simplifying, and solving for a(t) yields the usual radiation-dominated
We now solve for a(t) in the general case explicitly; it is algebraic in t. Using equations (12) and (13) we obtain
t fid is a fiducial time chosen to simplify a(t) and is not the age of the Universe in this model, though it is the age of the Universe in the limit that f 0 → 0 (cold matter). By solving for the time when a = 1, we find the age of the Universe as
We note that the age of the Universe does depend on Ω X0 through the dependence of t fid on this quantity as in equation (17). The f 0 → 0, matter-only limit recovers equation (14) by inspection, while Taylor-expanding to leading order in (t/t 0 )/ f 3/2 0 recovers the radiation-only, f 0 → ∞ limit given by equation (16). The age of the Universe remains finite in this limit because t fid diverges exactly as the second factor in equation (18) goes to zero, and we recover the radiationdominated result.
Our solution to the Friedmann equation in the hotmatter-only case is shown in Figure 1 . In this Figure only, we choose a large range of values of f 0 , the present-day ratio of kinetic to rest-mass energy in the hot matter. We show the matter-only limit ( f 0 = 0) and the radiation-only limit ( f 0 → ∞) as well as the value of f 0 corresponding to the current lower bound on the mass of Warm Dark Matter (WDM), which is of order f 0 10 −7 . We also show four decades of f 0 between 10 −4 and 10 −1 , all of which have become non-relativistic by the present ( f 0 = 1 is the cut-off above which the hot matter would still be relativistic). Figure 1 shows that the behavior of a(t) smoothly moves from matter-like at small f 0 to radiation-like at large f 0 . We are able to show a large range of values in this Figure because the effect of varying f 0 is most significant in a hotmatter-only model; in the other models we consider, which have additional components, we set Ω X0 = 0.5, and so it becomes more difficult to see differences in behavior as f 0 varies because these differences are diluted by the presence of the additional components. Therefore in the rest of this work (Figure 2 and onwards) we show a narrower range of values for f 0 .
We note here a general trend that will become evident in all of the Figures to follow. The scale factor grows faster with time in a matter-dominated model than in a radiationdominated model, and so those models with smaller f 0 will have lower amplitude in the past than those with larger f 0 . This is because we have set a = 1 at present; the lower-f 0 models grow faster and thus can reach a = 1 at present from lower past values than can those with larger f 0 .
However, perturbations to the dominant component grow faster in radiation-dominated models than in matterdominated models. Thus the ordering of curves with f 0 reverses relative to the plots of scale factor; curves with lower "m" denotes matter-only ( f 0 = 0), and "r" denotes the radiationonly limit. Time is in units of the Hubble time t H 0 = 1/H 0 and Ω X0 = 1. The expansion is a power law a ∝ t 1/2 for matter-only and a ∝ t 2/3 for radiation-only, and the hot-matter solutions lie between these limits. When the ratio of kinetic energy to rest energy at a given scale-factor, f (a) = f 0 /a, dips below unity, the hot matter has become non-relativistic, and its evolution becomes more similar to matter-dominated. Thus for the f 0 = 0.1 model the blue curve matches onto the black (matter-dominated) curve around a 0.1.
f 0 have slower growth of perturbations and so must begin at higher amplitudes to reach β = 1 at present, where we have normalized all cases to have perturbations equal to unity. This qualitative trend, that models with smaller f 0 have lower amplitude scale-factor in the past due to their faster growth of the scale-factor, but larger amplitude perturbations in the past due to their slower growth of perturbations, will recur in all the Figures in this work.
GROWTH OF SUPER-HORIZON PERTURBATIONS IN THE HOT-MATTER-ONLY COSMOLOGY
We consider the growth of an overdense spherical perturbation ("bubble Universe") of radius r within an otherwise homogeneous background Universe. The bubble will satisfy its own Friedmann equation, but it is now above the critical density and so will also have a curvature term. The amplitude C of the curvature at some fiducial time is set by the density perturbation at that time. We have
where we have chosen
is as defined in equation (10) with a replaced by r. Taking the square root of both sides, rearranging, multiplying numerator and denominator by r 1/2 , and integrating, we have the relation for the time that
The time measured in the perturbed, bubble universe and the time measured in the background universe are the same in synchronous gauge (see Slepian & Eisenstein 2016 , §3 and §4, for further discussion)-we term this the "equal time" condition. Our strategy will thus be to use this constraint to compute the value of C in terms of a radial perturbation to the scale factor we introduce at some fiducial time. Physically, we are creating an overdense bubble universe by compressing the background universe slightly, so that its scale factor is reduced. This induces a curvature perturbation as the bubble universe will be closed rather than flat. Once we have related the curvature perturbation and the radial perturbation to the scale factor, we may then use the "equaltime" condition again to obtain the evolution of the radial perturbation. Our first step is to Taylor-expand the integrand to leading order in Cr /g 1/2 (r ). Since C is the curvature perturbation induced by the density perturbation, we have Cr /g 1/2 (r ) 1 for all r . As r → 0, g 1/2 (r ) → ∞, and r → 0 in the numerator Cr further guarantees the validity of our expansion in this limit. Physically, this is the statement that at the initial time any perturbation becomes vanishingly small. Meanwhile, as r → ∞, corresponding to late times g 1/2 (r ) → (1 + f 2 0 ) −1 while Cr → ∞. Physically this is just the statement that in the linear regime, perturbations eventually become of order unity, at which point the perturbative expansion is no longer valid. We simply restrict to r sufficiently small that this case does not occur. This restriction corresponds to working at early enough times that linear perturbation theory is valid; recall r is the scale-factor of the perturbed bubble universe and is thus a proxy for time.
Consequently we may Taylor-expand the integrand in C to find
where I 0 is simply our result from the unperturbed, background case of §3, defined in equation (13), while we can compute I 1 (r) explicitly as
We now obtain the evolution of a perturbation to the scale factor of the background universe. In particular, we take it that the scale factor of the bubble universe r is related to that of the background universe a as
We note that the more usual density perturbation δ ≡ [ρ − ρ]/ρ, with ρ the perturbed density andρ the background density, is related to β as
because taking a Taylor-series shows that perturbing the radius by β alters the unperturbed volume V 0 as V 0 → V 0 (1 − 3β), since V ∝ r 3 . This leads to a density enhancementρ → ρ(1 + 3β) and using the definition of δ yields equation (24). We first compute the value of C in terms of the perturbation to the scale factor β 0 at some fiducial time, which we take to be t 0 (equivalently, a = 1). We will then solve for the full time-evolution of β.
As discussed earlier, in synchronous gauge the background and perturbed bubble universe measure the same time. Thus
In the second line we have taken Taylor series for I 0 and I 1 and retained only leading order terms (recall that both C and β 0 are small, meaning we can drop the O(C β 0 ) contribution that would arise from I 1 ). Solving for C yields
where the required derivative is simply the integrand of equation (13). We now find the time-evolution of the perturbation β(a).The background Universe and perturbed Universe measure the same time not only at t 0 , but at all times, so we further have that
Solving algebraically for β(a) we obtain
where we used equation (26) to obtain the second equality, which is general. For the third equality, we inserted equation (13) for I 0 . I 1 (a) is defined by equation (22) and g(a) by equation (10). Taking the limit as f 0 → 0 should recover the growth of perturbations in a matter-only cosmology, i.e. β(a) ∝ a. From inspection of equation (22) in this limit I 1 (a) → (1/5)a 5/2 , and using this result in equation (28) we recover the desired scaling.
As f 0 → ∞ we should have the growth of perturbations in a radiation-only cosmology, i.e. β(a) ∝ a 2 (see e.g. Padmanabhan (1993) , equations 4.123 and 4.126). We Taylor-expand I 1 (a) in the small parameter = a/ f 0 , finding I 1 (a) → a 4 /8 as f 0 → ∞. Inserting this result in equation (28) we recover the desired scaling.
We show the growth of β with scale factor in Figure  2 . We choose a smaller range of values for f 0 here simply to facilitate comparison with the perturbation growth plots in the remainder of the paper, which use a smaller range of f 0 for reasons discussed at the end of §3. Figure 2 shows that the two cases that are still relativistic at present ( f 0 = 2.7 and f 0 = 10) have essentially indistinguishable behavior, and grow as a power law β ∝ a 2 as expected for growth of perturbations in a radiation dominated model. The smallest value of f 0 shown, f 0 = 0.1, is relativistic up to a = f 0 = 0.1 We have set β 0 = 1, where β 0 is the amplitude of the radial perturbation to the scale factor of our bubble universe at a = 1, and again Ω X0 = 1. Since all perturbations must reach unity at present (a = 1), those with smaller amplitude at earlier times grow faster. We see that the largest f 0 , more comparable to a radiation-only model in which perturbations would grow as a 2 , grows faster than the smallest f 0 model, which is more comparable to a matter-only model in which perturbations grow as a. At early times, even the lowest-f 0 model behaves like radiation, shown by the fact that the black and dashed red curves have the same slopes for a 5×10 −2 . The two curves with the largest f 0 look very similar to each other because they have not yet become non-relativistic by the present and so both behave essentially as radiation.
and grows as a radiation-like power law up to that time. They then begin to grow more slowly, as a matter-like power law β ∝ a. This curvature of the growth history is clearly shown in the Figure. Finally, the other values of f 0 shown smoothly interpolate between the limiting cases of f 0 = 10 and f 0 = 0.1.
FRIEDMANN EQUATION FOR A HOT MATTER AND RADIATION MODEL
We can generalize the model presented above to include a radiation component as well. Parametrizing the ratio of hot matter to radiation at present as R x,0 the Friedmann equation becomes
g(a) is as defined in equation (10). Taking the square root of both sides, rearranging, and integrating, we find for the time
The integral may be evaluated by defining the reduced ra-
, making the change of variable x = Scale−factor vs. time for hot−matter +radiation cosmology f 0 = 0.1 0.3 0.9 2.7 10 Figure 3 . Scale-factor vs. time for illustrative values of f 0 in the hot-matter plus radiation cosmology. We set Ω X0 = 0.5. For the largest value of f 0 , the hot matter essentially always behaves as radiation and so the scale-factor always grows as the expected power law a ∝ t 1/2 , but for f 0 = 0.1, at late times the hot matter behaves as matter, steepening the power-law index of the scale factor from 1/2 nearer to the 2/3 expected for matter.
, and then making the further change of variable u = µx + 1. Integrating we find
In the limit that f 0 → ∞, we may Taylor expand in = a/ f 0 ; Ω r0 → 1 and R x,0 → 1. The leading order series has a 2 ∝ t and including the constants recovers the radiationonly solution. The f 0 → 0 limit is more subtle; one then has cold, pressureless matter as well as radiation. In this limit one recovers the scale-factor-time relation for such a cosmology, given in e.g. Slepian & Eisenstein (2016) equation (14) . Note that Slepian & Eisenstein (2016) sets the scale-factor to unity at matter-radiation equality, so to compare the limit here to that result one should set R x,0 = 1, as is the case if t 0 is set to be matter-radiation equality. Figure 3 shows the scale factor in this model. The largest two values of f 0 are both relativistic even at present, and so the hot matter acts like radiation for the whole range of times displayed, leading to a power-law growth where a scales roughly as t 1/2 . In the model with the smallest f 0 , f 0 = 0.1, plotted in black, the curvature away from a powerlaw behavior at a = f 0 = 0.1 is evident. The other values of f 0 smoothly interpolate between these limiting cases. We note that t H 0 is the same for all values of f 0 displayed, as it depends only on Ω X0 .
GROWTH OF SUPER-HORIZON PERTURBATIONS IN THE HOT MATTER-RADIATION MODEL
The calculation for the growth rate of super-horizon perturbations in this cosmology proceeds analogously to that presented in §4. Here, the analog of I 0 of equation (21) is I 0,Xr , while the analog of I 1 , which we denote I 1,Xr , may be obtained from Taylor expanding a Friedmann equation with a curvature perturbation C. The full, exact integral equation is
whereC = C/Ω r0 is the curvature perturbation C normalized by the radiation density parameter at present. We now Taylor expand to leading order inC, finding
Using the same substitutions outlined for I 0,Xr (but with a → r ) the integral I 1,Xr becomes
Inserting the integral above as well as equation (31) for I 0,Xr into the first line of equation (28) gives the growth of superhorizon perturbations in this model. Taking the limit as f 0 → 0 recovers the matter and radiation solution of Slepian & Eisenstein (2016) equation (14) and taking the limit as f 0 → ∞ gives I 1 ∝ a 4 , leading to β ∝ a 2 as expected for a radiation-only model. Figure 4 shows the growth of perturbations in the hot matter pus radiation model. The largest two f 0 values are relativistic even at present, and so the perturbation grows as a 2 as is expected for a radiation perturbation in a radiationdominated model. This is also the behavior for f 0 = 1, but then at a = f 0 the growth switches over to that of a matter perturbation in a matter model, as a. This point also explains why the black curve is above the red ( f 0 = 10) curve at all times. We have normalized all perturbations to have β = 1 at present, and so those growing more slowly (i.e. the f 0 = 0.1 model) had to begin at larger amplitude to reach unity at present.
FRIEDMANN EQUATION FOR A HOT MATTER AND MATTER MODEL
The Friedmann equation for a hot matter and matter model is
where now R x,0 is the ratio of the hot matter to the matter density at a = 1. Rearranging differentials, multiplying numerator and denominator by a 1/2 , and using µ as defined in . Perturbation radius vs. scale-factor for illustrative values of f 0 in the hot-matter plus radiation cosmology. We have set the amplitude of the radial perturbation to the scale factor of the overdense bubble universe at a = 1 as β 0 = 1. Similar to Figure 2 , we see that perturbations grow fastest in the model with largest f 0 , and slowest in the model with smallest f 0 , as expected from the radiation-only and matter-only limits. §5, we find
Using the substitution x = f 2 0 a −2 , so that a 1/2 da = −(1/2) f 3/2 0 x −7/4 dx, we obtain
Performing the integral and then defining the auxiliary variable u = √ 1 + x to shorten the result, we find
where 2 F 1 is Gauss's hypergeometric function and the suband superscripted bar gives the u at which to evaluate the expression. We notice that the expression involves (µ − 1) 3/4 and that µ may be less than unity, leading to an imaginary pre-factor. We therefore apply Euler's third transformation 1 (Gradshteyn & Ryzhik 2007 , Weisstein 2017 to find
We now check a few limits of this result to ensure the hypergeometric converges. As R x,0 → 0 or f 0 → ∞, which are equivalent because both mean that there is only radiation in this model and no hot matter, µ → 0 and the hypergeometric's argument becomes 1/2, for which it converges, as the hypergeometric has singular points only at 0, 1 and ∞.
As R x,0 → ∞, i.e. there is only hot matter and no radiation in the model, µ → ∞, and the hypergeometric's argument becomes 1/2 + 1/(2u), which can reach unity if u → 1. However, this occurs only as a → ∞, so for finite scale factor we do not reach the singular point. Further, u → 1 corresponds to x → 0, and since the integrand of equation (37) scales as x −7/4 in this limit, we expect the integral to diverge. Indeed, x → 0 may occur in two different ways: because f 2 0 → 0 (the limit that the "hot" matter is actually cold matter), or because a → ∞. From direct analysis of the integral in equation (37), the divergence as a → ∞ is a genuine one, whereas the f 2 0 → 0 one is made finite by the f 3/2 0 pre-factor of equation (37). In particular, making the substitution f 0 = a √ x and taking the limit of this equation gives −2a 3/2 /[3 √ Ω m0 √ 1 + µ] which is finite. Finally, as µ → 1, the hypergeometric's argument goes to unity and it diverges; there is also a factor of 1/(µ − 1) 2 in the pre-factor of equation (39) that is relevant in this limit. Examining our original equation (37), we see no divergence as µ → 1, so we expect these divergences to cancel in the definite integral. This can be shown explicitly by taking a series for equation (39) about µ = 1. We find divergent terms proportional to (µ − 1) −5/4 and (µ − 1) −1/4 , but these terms are independent of u so when evaluated at the upper and lower bounds in equation (39) they cancel out, rendering our result finite.
We also note that for µ = 1, the integral can in fact be done in elementary form as
and we suggest using this simpler result if µ = 1. 2 Figure 5 shows the behavior of the scale factor in hot matter plus matter models. As in the previous figures, the smallest f 0 case behaves like radiation at early times and like matter at late times. The transition is shown in the curvature of the scale factor at a = f 0 = 0.1. As in the previous figures for the scale factor, the curves with go from smallest to largest f 0 as one goes from bottom to top. This is because Scale−factor vs. time for hot−matter +matter cosmology f 0 = 0.1 0.3 0.9 2.7 10 Figure 5 . Scale-factor vs. time for illustrative values of f 0 in the hot-matter plus matter cosmology. We set Ω X0 = 0.5. We see that for the lowest value of f 0 displayed, f 0 = 0.1, the hot matter behaves as additional matter at late times and thus enhances the scale factor's growth, steepening the slope of the black curve relative to the others.
the scale factors are all normalized to reach unity at present, and models with a larger matter-like component grow more quickly at late times, and so can start with smaller a and still reach a = 1 today.
GROWTH OF SUPER-HORIZON PERTURBATIONS IN THE HOT MATTER-MATTER MODEL
The full equation for an overdense bubble universe with curvature perturbation C is
whereC is the curvature perturbation normalized by the present-day matter density. Taylor-expanding inC, we have
We obtained I 0,Xm (r) in §7; we now obtain the integral proportional toC, which we denote I 1,Xm (r). Using the same substitutions as in §7 we find
This integral can be performed by decomposition into partial fractions. Defining the auxiliary function u(x) = √ 1 + x (parallel to what was done in §7) to make the result more compact but also retaining x where appropriate, we find
where the sub-and superscripted ending bar above means evaluation at the values of x indicated. Like equation (38), this result also becomes imaginary if µ < 1 due to the factor of (µ − 1) 1/4 , but this can again be cured using the transformation made there. We obtain
Analysis of the divergences here proceeds analogously to that for equation (39) since the argument of the hypergeometric is the same here. The behavior at µ = 1 again requires careful analysis, as inspection of the original integral indicates that there should not be a divergence. This can be shown explicitly by taking a series for equation (45) about µ = 1. We find divergent terms proportional to (µ − 1) −11/4 , (µ − 1) −7/4 , and (µ − 1) −3/4 , but these terms are independent of x so when evaluated at the upper and lower bounds in equation (45) they cancel out, rendering our result finite. Indeed, a simple elementary form is available at µ = 1, as
here with u = 1 + f 0 r −2 . Figure 6 shows the growth of perturbations in a hot matter plus matter model. Again the smallest value of f 0 , shown in black, displays the most interesting behavior, transitioning from the β ∝ a 2 growth of radiation perturbations in a radiation-dominated model to the slower β ∝ a growth of perturbations in a matter-dominated model.
GENERALIZING TO MORE REALISTIC MOMENTUM DISTRIBUTIONS
Up to this point, we have considered a species whose distribution of momentum magnitudes is a Delta function at p 0 = f 0 mc. We now seek to relax this assumption and generalize our work to more realistic momentum distributions, such as Fermi-Dirac (for neutrinos) or Bose-Einstein. . Perturbation radius vs. scale-factor for illustrative values of f 0 in the hot-matter plus matter cosmology. We have set the amplitude of the radial perturbation to the overdense bubble universe's scale factor as β 0 = 1 at a = 1. Similar to Figure 2 , we see that perturbations grow fastest in the model with largest f 0 , and slowest in the model with smallest f 0 , as expected from the matter plus radiation and matter-only limits.
The difficulty of doing so stems from the non-linearity of the Friedmann equation in the densities. Were the equation linear, one could solve for a Delta-function momentum distribution and then convolve with the true distribution. However, the non-linearity of the equation renders this impossible.
In detail, to solve the Friedmann equation one integrates in a, and properly handling an arbitrary momentum distribution would promote g 1/2 (a) to an integral of g 1/2 (a) against the distribution function. This integral would then appear inside a square root in the denominator of the further integral over a required for finding t(a), i.e solving the Friedmann equation by quadrature. Consequently one cannot interchange the order of integration to handle the distribution function after solving for t(a). Rather one must integrate over the distribution function first. However, this would lead to Fermi-Dirac or Bose-Einstein integrals with a-dependence, which would be intractable to then integrate over a to obtain t(a).
Explicitly, the energy density of the hot matter is given by a generalization of equation (9),
with F ( f 0 ) being the distribution function in terms of
In this notation, the density of hot matter at a = 1 is
We note that in the limit where F is a Delta-function about f 0 = 0, i.e. the particles are all at rest, we recover the expected energy density n 0 mc 2 . N D can thus be interpreted as a correction that scales up the energy density to account for the particles' kinetic energy. The Friedmann equation now becomes
Consider the case of the cosmic neutrino background. Since the neutrinos decouple while they are still relativistic, their momentum distribution at decoupling is a Fermi-Dirac distribution
with T dec the temperature of neutrino decoupling and k B is the Boltzmann constant. The chemical potential of the neutrinos before decoupling is µ = 0 assuming that they are in equilibrium with the radiation. Let the temperature of neutrinos at present be T X0 , so the present momentum a neutrino with momentum p at decoupling is p 0 = p (T X0 /T dec ). Then the distribution function at present in terms of f 0 is
Choice of central momentum for Delta-function approximation
We numerically calculate the difference in t(a) obtained using this Fermi-Dirac distribution instead of a Delta-function momentum distribution. For the Delta-function momentum distribution, we want to find a momentumf 0 that will approximate the Fermi-Dirac distribution well. We choosef 0 such that the energy density calculated using the Deltafunction distribution (equation (9)) agrees with the energy density of the Fermi-Dirac distribution (equation (47)) at early times. At late times a >> f 0 , both distributions already agree, giving ρ(a) ≈ n 0 mc 2 a −3 as expected for cold matter. At early times a << f 0 , the Delta-function gives
while the full distribution yields
Setting these expressions for ρ(a) equal, we find
the average neutrino momentum today. The fractional difference in H 0 t(a) due to the neutrino . Fractional difference in time as a function of scale factor using the Delta-function momentum distribution approximation versus the full Fermi-Dirac distribution. The fractional difference is at most 1.5%, and this occurs at the redshift when the hot matter transitions over from being relativistic and radiationlike to being cold and matter-like, when a =f 0 = 3.152k B T X0 /(mc 2 ) from equation (55). We might expect this to be the point where there is the largest error in our approximation because the width of the distribution function will set the detailed behavior of this transition, and our Delta-function approximation does not contain any information about this width. momentum distribution will be greatest in a neutrino-only universe, reducing equation (49) to
which for the case of the Fermi-Dirac distribution can be solved numerically. Comparing t(a) for the Fermi-Dirac distribution and the Delta-function distribution withf 0 given by equation (55) in Figure 7 , we find that the fractional difference never exceeds 1.5%.
Incorporating a finite width for the momentum distribution
We can also estimate the effect of the distribution function generally, beyond specific functional forms like the FermiDirac distribution. If the momentum distribution is peaked about some momentumf 0 , then equation (47) can be Taylorexpanded about f 0 =f 0 , yielding
The first term is simply the energy density under a Deltafunction momentum distribution atf 0 , which we will denotê ρ(a). Usingf 0 as found in equation (55), the second term is zero, so the energy density is
The fractional difference between ρ(a) andρ(a) goes to zero at early and late times. From finding the minimum of the denominator in equation (58) we see that the fractional difference is maximized at a =f 0 , yielding:
This is 1/8 the ratio of the variance to the square of the mean. This result holds for any distribution function with well-defined second moment; in particular it would hold for a Bose-Einstein distribution.
As an example, consider the Fermi-Dirac distribution which is appropriate for the cosmic neutrino background. Substituting this distribution (equation (52)) and our chosen f 0 (equation (55)) into equation (59) gives
For a Bose-Einstein distribution, the analogous result is 0.052. The Friedmann equation (49) depends on the square root of the energy density, so taking a leading-order Taylor series the error due to dropping the second moment should be (1/2) × 0.038 = 1.9%. Thus our finding that the time t(a) differs by at most 1.5% is reasonable. For a Bose-Einstein distribution, we would expect a difference of at most approximately (1/2) × 0.052 = 2.3%.
If the full distribution function only produces a small fractional change to the energy density of the hot matter relative to the Delta-function result, the Friedmann equation can be linearized in terms of this fractional change. For example, consider a hot matter-only universe and add the fractional energy density change from equation (58):
Taylor-expanding in the fractional energy density change yields
which can be integrated as
Regardless of the exact form of the distribution function, the highest-order term in H 0 t(a) arising from it has the above dependence on a andf 0 .
Exact solution for an arbitrary momentum distribution
We have shown that a second-order correction reflecting the momentum distribution's width can be incorporated and the Friedmann equation solved including this correction. We now generalize this idea to consider an expansion to all orders of the momentum distribution in terms of its moments. We begin with the full energy density (47). Our strategy will be to Taylor-expand the function multiplying the distribution function F in the integrand; we define this function as
We Taylor-expand h in f 0 aboutf 0 ; the powers of f 0 −f 0 that result may then be integrated against the distribution function F to yield a series in moments of F . Finally we divide out the contribution due to the zeroth moment of the distribution functionf 0 ; this contributions stems from the Dirac-Delta-function pieces. With these manipulations, the energy density (47) becomes
where ρ 00 = n 0 mc 2 is the present-day energy density of the species due to the centroid of its momentum distribution and the n th moment of the distribution function is
with N D = ρ 0 /ρ 00 by inserting the defintion of ρ 00 in equation (48). For a distribution symmetric aboutf 0 only the even moments will be non-zero. We now insert equation (65) for ρ(a) in the Friedmann equation, rearrange, and Taylor expand taking it that the sum of the corrections due to the distribution function is small. We find
We obtained the second line of equation (67) by interchanging the derivative with respect to f 0 and the integration with respect to a in the first line, so that the behavior of H 0 t sourced by each moment of the distribution function could be cast as derivatives of a single fundamental function I 1 (a; f 0 ). Our full solution to the Friedmann equation for arbitrary momentum distributions is thus
This solution is valid as long as the expansion of F in terms of its moments converges. We observe that the larger n, the more powers of scale factor enter with negative power, so that the importance of higher terms in the moment expansion is suppressed as a grows at later times, as we might have expected since peculiar velocities redshift away.
CONCLUSIONS & DISCUSSION
We have shown that for a species with a Dirac-delta-function distribution of momentum magnitudes, the equation of state assumes a simple form that at high redshift acts as radiation and at low redshift acts as matter. This equation of state can be analytically integrated to yield the evolution of the specie's energy density with scale factor, and this can then be inserted into the Friedmann equation. For a number of cases, the Friedmann equation can then be analytically solved by quadrature for the relation between scale factor and time. This toy model approximately describes both neutrinos and warm dark matter, each of which go from acting as relativistic species at high redshift to acting as cold, clustering species with equation of state near zero at present. The primary outcome of this work is to show that the impact of these species on the cosmological expansion of the Universe can be simply understood via relatively compact closed-form solutions.
With the increased attention that will come both to massive neutrinos, with upcoming surveys such as DESI targeted to determine their mass sum, and WDM, with evertightening constraints from cosmological probes such as the Lyman-α forest, we believe it is timely to have an analytic model for their effects. While the current constraints on these species are surely correctly evolving the Hubble rate numerically, an analytic form can provide valuable intuition and perhaps inspire novel additional probes.
We show that for a cosmology with hot matter alone, the reconstruction of scale factor versus time for this Deltafunction distribution toy model is highly accurate at all times, differing from the solution for themore realistic FermiDirac distribution (for neutrinos) by less than 1.5%, and generally much less. The worst performance is at the redshift of the species' transition from relativistic to non-relativistic. Further, in more realistic models including standard dark matter, dark energy, and radiation, this deviation would be suppressed as the neutrinos will not be the dominant driver of the cosmological expansion so the contribution to the scale factor's evolution of any error in their treatment is greatly reduced.
An important additional facet of this work is the moment approach we introduce in the final section, showing that one can perturbatively solve the Friedmann equation including higher moments of the hot matter's distribution function, as long as these higher moments are small compared to the mean. We do this explicitly for the second moment and then show how to extend the treatment for arbitrary moments. We suggest this as a technique for using expansion rate measurements to constrain DM models with arbitrary distribution functions (e.g. Boyanovsky et al. 2008 Boyanovsky & Wu 2011 , or neutrinos with non-standard statistics (e.g. Miranda & Nunokawa 2015) . One might implement the solution to the Friedmann equation provided here but leaving each moment of the distribution free (or imposing any desired recursion on the moments) and embed this in a cosmological parameter Markov chain Monte Carlo.
A possible direction of future work is to extend the toy model presented here to three species of neutrinos with different masses. There are two qualitative cases, the first with two neutrinos being heavy and one light (inverted hierarchy), and the second with one neutrino being heavy and the other two light (normal hierarchy). We expect that our model as is would better describe the second of these cases, as the two light species would likely still be relativistic at present, or at least transition to being non-relativistic late enough that they have already become a very negligible part of the total energy density (as they would have evolved like radiation up to that point).
In the first case, where two neutrinos are heavy, if the two heavy neutrinos have somewhat different masses, this would effectively blur the redshift of their transition from relativistic to non-relativistic. It might be modeled as having a single effective redshift but with a larger width to the transition than the pure Delta-function-momentum distribution toy model we have considered. Including the full distribution function of the neutrinos, as discussed in §9, would also have this effect, as neutrinos with lower kinetic energy would transition from relativistic to non-relativistic earlier and with higher kinetic energy would transition later.
A more mathematical way to phrase this comment is that the transition occurs when f 0 = p 0 c/(mc 2 ) crosses unity, and this crossing can have a width either due to the numerator p 0 having a width from the distribution function, or due to the denominator m effectively having a width due to the presence of two different masses.
This qualitative discussion indicates that to constrain the neutrino mass splitting via its effect on the cosmological expansion rate will require both precise observations and precise modeling to disentangle this effect from that of the distribution function.
Finally, each of the neutrino mass species is ∼22% of the total energy density in photons during radiation domination, and this suggests an avenue for perturbatively treating the three masses. One might write the neutrino energy density as the sum of these three components, and then Taylor-expand the Friedmann equation in these three components as fractions of the total energy density in matter and radiation. At early times, these fractions are small, and including the matter guarantees that the fractions remain small, and the expansion valid, to late times. To solve the Friedmann equation by quadrature in this approximation, but still taking it that the distribution function is a Delta function, one has a correction to the no-neutrino solution as −(1/2)Ω X,i ∫ a −4 g(a)da/[Ω m0 a −3 + Ω r0 a −4 ] 3/2 with Ω X,i the energy density in the i th neutrino species at present. Further study of this solution including the effects of a more realistic distribution function may be an avenue of future work, though full analysis of the very high-precision future surveys required for constraining the mass splitting will certainly demand an exact numerical treatment as well.
As massive neutrinos grow in importance as a research topic in cosmology, we hope the treatment presented here will be of use as a simplified yet still fairly accurate picture of their effects on the cosmological expansion rate and the growth of structure.
